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Chapter 8 Approximation theory 
§ Discrete least square approximation 

A. Given y ax b   and 1{ , ( )}i n
i i ix f x 

  to 2

1

min [ ( )]
n

i i
i

y f x


  

2

1

[ ( )] 0
n

i i
i

y f x
a 


 

  , 2

1

[ ( )] 0
n

i i
i

y f x
b 


 

   imply 

2

1 1 1

( ) ( ) ( )
n n n

i i i i
i i i

a x b x x f x
  

    , 
1 1 1

( ) ( 1) ( )
n n n

i i
i i i

a x b f x
  

     

or 

1 1 1

2

1 1 1

1 ( )

( )

n n n

i i
i i i

n n n

i i i i
i i i

x f x
a

b
x x x f x

  

  

   
           
     
      

  

  
 

B. Given 2y ax bx c    and 1{ , ( )}i n
i i ix f x 

  to 2

1

min [ ( )]
n

i i
i

y f x


  

2

1

[ ( )] 0
n

i i
i

y f x
a 


 

  , 2

1

[ ( )] 0
n

i i
i

y f x
b 


 

  , 2

1

[ ( )] 0
n

i i
i

y f x
c 


 

    

imply 

2

1 1 1 1

3 2

1 1 1 1

4 3 2 2

1 1 1 1

1 ( )

( )

( )

n n n n

i i i
i i i i

n n n n

i i i i i
i i i i

n n n n

i i i i i
i i i i

x x f x

a

x x x b x f x

c

x x x x f x

   

   

   

   
   
    
         

         
  

   

   

   

   

 

 
§ Continuous least square approximation 

 A. Given [ , ]f C a b  to find 1
1 0( ) .....n n

n n nP x a x a x a
     

Such that 2
0 1 0( , ,..., ) [ ( ) ... ]

b n
n na

E a a a f x a x a dx     to be minimum. 

0( ,...., ) 0n
i

E a a
a





 implies 0[ ( ) ... ] 0

b n i
na

f x a x a x dx     

0

2 1

1 2

1 ( )

( )

b b n b

a a
a

b b n

a a

b nb b b nn n n
a

a a a

dx x dx f x dxa

x dx x dx

a x f x dxx dx x dx x dx





                                                

  
 

  

 



Chapter 8 9/20/2013 Prof. R.-T. Wang 

B. Minimum  
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Ex. Chebyshev polynomials 

1( ) cos( cos )nT x n x , 0n  , [ 1,1]x   
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Let 1cos x  , ( ) cos( ) (cos )n nT x n T   , [0, ]  , 
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HW8 
1. Given the data as listed below 
 

x 4.0 4.2 4.5 4.7 5.1 5.5 5.9 6.3 
y 102.6 113.2 130.1 142.1 167.5 195.1 224.9 256.8 

 
a. Construct the least squares approximation of degree two and compute 

the error. 
b. Construct the least squares approximation of the form axbe  and 

compute the error. 
c. Construct the least squares approximation of the form nbx  and 

compute the error. 
2. Find the least squares polynomial approximation of degree two on the 

interval [ 1,1]  for the function 1 1
( ) cos sin 2

2 4
f x x x   

3. Determine the discrete least squares trigonometric polynomial 4S  
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using 16m   for 2( ) sinf x x x  on the interval [0,1] . 

b. Compute 
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c. Compare the integral in part (b) to 
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