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Chapter 8 Approximation theory
8 Discrete least square approximation

A.Given y=ax+b and {x,f(x)}I to mini[yi_f(xi)]z
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B. Given y=ax*+bx=c and {x,f(x)} to minzn“[yi—f(xi)]2

0 % 2 0 < 2 0 < 2
a2 FOIF =0, 3y = T =0, 2 3 Iy, — T (4 =0
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8 Continuous least square approximation

A. Given feC[a,b] tofind P(x)=ax"+a, X" +...+8a

6iE(aO ...... a)=0 implies Ib[f(x)—anx”—...—ao]x‘dx:O
ai a
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B. Minimum

(8, ;,..8,) = | W[ f (X)~ P(T dx
where w(x) is a weighting function and

0 EN|
(94

POO=Yad (0 with j:wmdx:{ -

I: wf (x)dx = j: Zn: wa,gg,dx = a, j: W dx

or a :I: wf (x)dx/I: weh”dx

for i=j.
$(X) =1, 4(X)=x-B,, ¢ (X)=(Xx-B)g . (X)-Cd ,(x), k=2.

I:lex(X—Bl)dX:O implies Blzj:ledeX/I:ledX,

[Pwh dx=0 implies [ wh [(x~B,)d ,~Cyi_,ldx=0
b b

or B = L Wxg> ,dx / Ia Wi’ dx

Jj w4 ,dx =0 implies I: W, [(X =B, ), — Ci . Jdx =0
b b

or C = _[a WXA,_,@,_,dx/ L Wi’ ,dx

Ex. Legendre polynomials w(x) =1

1 1
p,(x)=1, B,=0, p,(X)=x, B,=0, CZ:E’ pz(x)=x2—§,

n2

m P, (X)

3
pB(X) = Xs _gx y reeey pn+1(X) = Xpn(x) -
Ex. Chebyshev polynomials

T (x)=cos(ncos™x), n>0, xe[-11]
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Let #=cos™x, T (x)=cos(nd)=T (cosd), O€[0,x],

T,(x)=1, T,(x)=x,

T..,(x) = cos[(n+1)&] = cos(nd) cos @ —sin(nd)sin &
T, ,(x) = cos[(n—1)8] = cos(nd) cos & +sin(nd) sin &

(x)+T,,(x)=2xT (x) or (x)=2xT,(x)-T, ,(x),

n+l n+1

Ex. Fourier series

oy ¢o(x):§, 4, () = cos(kx), k=1~n,

@, (x)=sin(kx), k=1~n-1, Xxe[-7,x)

2n-1

1 ¢7
:Ea +Zak¢k(x) —;Lf(x)@dx
EX. Fast FOUI‘IEI‘ series

Use S (x)_ a0+a cos(nx)+Z[ak coskx+b, sinkx], xe[-=,7)

k=1

i=0 !

to least square approximate to {x, y.}*%" xi=_ﬂ+(%)ﬁ

2m-1

Ermor E(@, a0y s) = DIy, =S, (%)F

aE 2m-1 1 n-1

O:gz D1y, ~ 58—, cosX, — > (a, coskx; +b, sinkx)]

i=0 k=1
2m-1 1 n-1

= g = Z [y, - 2% ~ 8, Cosnx, =" (a, coskx; +b, sinkx,)]cos Ix
| k=1
2m-1 1 n-1

== Z [y, - 2% ~ 8, Cosnx, — > (ay coskx; +b, sinkx,)]sinlx .
=l k=1

e’ = coskx+ jsinkx, j=+—1

2m-1 2m-1

.. ; i
D" (coskx, + jsinkx) =D e, x =-7+(=)7
i—0 i=0 m
2m-1 2m-1 Jk[_ﬁl”] _o2m-1 J[ ”]
eJkX _ m e—]kﬂ' e —jkﬂ > 0 O
2o 2
2m-1

S0, D (coskx;,sinkx;,1)=(0,0,2m),

j,

2m-1 0 k |
coskx. cos|x; =—[cos(k+l)x +cos(k —1)x.], Z(coskx coslx;) = {m ”

i=0
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) ) 1 -l i 0 k=l
sinkx. sinlx. = =[cos(k —1)x. —cos(k +1)x.], Z (sinkx;sinlx;) =
2 i=0 m k =|
2m-1
coskx; sinlx, = %[sin(k +1)x +sin(l —k)x1, z (coskx; sinlx,) =0
i=0
1 2m-1 2m-1 2m-1

1 1 .
) ‘H;‘ Vi, & _E;‘ y,coslx;, b _Eg‘ y; sinlx,

n-1
Ex. Use S, (x)= %ao +a, os(nx) + _[a, coskx+h, sinkx], xe[-7,7)
k=1

to least square approximate to {x,y¥%",

X, =C, X, ,=d, Ax:zdm__cl, X, = X, +1AX

Transform the interval [c,d] t0 [-7, 7]

Let z = 7[2 (’(;i =9 g

n-1
Then the function S, (z)= %ao +a, cos(nz) + Y [a, coskz +b, sinkz], ze[-7,7)

k=1

will least square approximate to {z,y.}%", z =_ﬂ+(é)ﬂ,

HWS8
1. Given the data as listed below

x40 |42 |45 |47 |51 |55 |59 6.3
y | 102.6 | 113.2 | 130.1 | 142.1 | 167.5 | 195.1 | 224.9 | 256.8

a. Construct the least squares approximation of degree two and compute
the error.

b. Construct the least squares approximation of the form be* and
compute the error.

c. Construct the least squares approximation of the form bx" and
compute the error.

2. Find the least squares polynomial approximation of degree two on the

interval [-1,1] for the function f(x)=%cosx+%sin2x

3. Determine the discrete least squares trigonometric polynomial S,
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using m=16 for f(x)=x’sinx on the interval [0,1].
b. Compute j:S4(x)dx
c. Compare the integral in part (b) to Iolxz sin xdx

d. Compute the error E(S,)



